The dynamics of a galactic disk in a non-axisymmetric (triaxial) dark halo is studied in detail using high-resolution, numerical, hydrodynamical models. A long-lived, two-armed spiral pattern is generated for a wide range of parameters. The spiral structure is global, and the number of turns can be two or three, depending on the model parameters. The morphology and kinematics of the spiral pattern are studied as functions of the halo and disk parameters. The spiral structure rotates slowly, and its angular velocity varies quasi-periodically. Models with differing relative halo masses, halo semi-axis ratios, distributions of matter in the disk, Mach numbers in the gaseous component, and angular rotational velocities of their halos are considered.
INTRODUCTION
Galactic gaseous and stellar disks are axisymmetric only in a first approximation. Spiral density waves, a central bar, the non-axisymmetry (triaxial nature) of a dark massive halo, satellite galaxies, or a triaxial bulge can disturb the axial symmetry of the "external" gravitational potential in which the galactic disk component is situated. Results of dynamic modeling of specific disk galaxies, designed to agree with photometric and kinematic data, indicate the need to take into account a dark halo of mass M h (which exceeds the mass of the disk component M d by a factor of one to four [1] [2] [3] [4] [5] ) inside the optical radius of the stellar component R. The kinematics of objects in the immediate vicinity of the MilkyWay-M31 pair indicate that the total mass inside 0.96 Mpc is M T ∼ 2 × 10 12 M ⊙ [6] , and the ratio of the masses of the MilkyWay and M31 is M M W /M M 31 = 4/5. Since the mass of the disk component of our Galaxy probably does not exceed 5 × 10 10 M ⊙ [7] , ∼ 15% of the total mass within 1 Mpc belongs to the disk subsystems.
There is much theoretical and observational evidence indicating the absence of central symmetry in the dark-mass distribution within the disk components of S galaxies. The triaxial shape of the halo can be characterized by three space scales: a, b, c.
Studies of galaxy formation based on cosmological N-body models indicate triaxial mass distributions in cold-dark-matter (CDM) halos, with the following semi-axis ratios obtained in different studies: s = c/a ∼ 0.6 − 0.7, q = b/a ∼ 0.8 − 0.95 [8] ; s ≃ 0.7, q ≃ 0.8 [9] ; q ≃ 0.75 [10] . At the same time, triaxial parameters s and q depend on the halo mass, redshift, and distance to the halo center. The dark halo is more symmetrical near the center than at the periphery. The distributions turn out more symmetrical in hot-darkmattermodels than in CDM models [9] .
Observations of the Sagittarius tidal stream (Sagittarius dSph) indicate a lack of central symmetry of the halo, with the axial ratio c/a > ∼ 0.8 [11] . However, if this stream is dynamically young, then c/a ≃ 0.6 is possible [12] . Arc-shaped stellar tidal streams found in the Sloan Digital Sky Survey (SDSS), apparently resulting from the absorption of dwarf galaxies, seem to be promising indicators of a dark halo. The Virgo over-density structure could be related to such peculiarities in the distribution of the observed matter in the halo [13] . Stellar tidal streams have been discovered in M31 [14] and a number of outer galaxies (e.g., NGC 5907 [15] , NGC 3310 [16] , NGC 1055 (see http://www.imagingdeepsky.com)).
These streams are apparently connected with the disruption of dwarf galaxies in the massive triaxial halo.
Observations of stars (RR Lyr, F dwarfs) indicate a lack of central symmetry of the halo [13] . Direct kinematic observations of various halo objects (globular clusters, satellites, blue horizontal-branch stars, red giants) can be used to find the radial velocitydispersion profile which, in turn, indicates the character of the gravitatingmass distribution for a given halo model. New possibilities for deriving halo parameters are provided by observations of hyper-velocity stars [17] [18] [19] .
Deep surveys of edge-on galaxies indicate a strong prevalence for stellar halos in the form of oblate spheroids with axial ratios of ∼ 0.6, which have been attributed to tidal interactions [14, 20] . Cosmological models taking into account the stellar-halo dynamics also give triaxial shapes for the dark halo (s = 0.84, q = 0.94) and stellar halo (s = 0.84, q = 0.91) [21] .
Several techniques for determining halo shapes (a, b, c) from observations can be identified [22] , based on: (1) expansion of the HI gaseous disk with distance from the center (flaring of the gaseous layer) other conditions being equal, the thickness of the gaseous disk decreases with increase in the degree of flattening of the halo; (2) warping of the gaseous layer; (3) X-ray isophotes; (4) outer polar rings a dynamical model of the polar ring is constructed allowing for an asymmetric halo and fit to the observational data; and (5) the parameters of a precessing dust disk. The observational data for our Galaxy indicate that the both the stellar and dark-matter halos do not display central symmetry. Different approaches based on observations of different objects lead to estimates of s ∼ 0.2 − 0.9 (see, e.g., [23, 24] ).
Thus, one of the most important properties of a halo is the triaxial character of the mass distribution in it. In turn, information on the character of the darkmatter distributions in galaxies and in their immediate vicinities, together with observations of the isotropic gammaray background, can be used to derive constraints on particle dark-matter models [25] .
Let us consider the dynamics of a rotating gaseous disk in the non-axisymmetric gravitational field of a dark halo. Let us assume that themass of the stellar-gaseous disk within the limits of the optical radius R is comparable to the dark mass [2, 26, 27] . The influence of the global asymmetry of the potential on the formation of dynamical structures in the disk is of the most interest. It seems natural to expect that the disk responds to this influence by forming a spiral pattern [28, 29] .
Let us consider the hypothesis that the nonaxisymmetry (triaxial nature) of the dark halo is responsible for the formation of the spiral structures in galactic disks, at least for some galaxies. We will restrict our consideration here to the gaseous disk. A separate study will be devoted to taking into account the stellar disk.
MODEL OF A GASEOUS DISK IN THE EXTERNAL POTENTIAL
The character of the spatial mass distribution in the dark halo determined from observations is uncertain. Several models for the halo density ̺ h have been proposed, such as the models of Navarro et al. [30] (NFW) and Burkert [31] , the exponential model [32] , and the quasi-isothermal halo model [1, 33] (iso). We will generalize this last model for the case of a triaxial halo, by writing the following expression for the potential
, and a x , a y , and a z are characteristic scales along the corresponding axes. The Poisson equation gives the density distribution
In the limiting case of a centrally symmetric halo a = a x = a y = a z , we have a quasiisothermalmodel halo with the density distribution
from (1), (2); this density distribution ensures constancy of the rotational velocity at large distances r ≫ a, where the rotation curve has a plateau. The halo models differ in the circular velocity V c at large distances (r > ∼ R max , R max is the boundary of the stellar disk) [34] . In the inner region of the galaxy, we have V [34] . Therefore, other things being equal, our choice of the model (1) should be considered to yield a lower limit for the influence of the non-axisymmetric halo.
Below, we restrict our consideration to the model with a x = a y = a z . If the halo is flattened in the vertical direction (a z < a x,y ), this effectively increases the halo mass, since the gravitational force of the halo in the z = 0 plane becomes greater, so that the case a z = a x again gives us a lower limit. When q = a x /a y = 1 in the plane of the disk, we have a non-axisymmetric halo that can, in general, rotate with a small angular velocity Ω h .
Observational data and cosmological models allow values
The character of the flow in the gaseous disk depends considerably on the values of the indicated model parameters. However, the generation of spiral structure is observed in all cases, and we have a longlived, quasi-stationary, two-armed wave in the main region of the disk (0.5 r 2). Figure 2 shows the typical long-term evolution of the disk (t = 40
corresponds to six rotations of the disk periphery r ∼ 2). The two-armed perturbation covers almost the entire disk, and is trailing except at the center itself, where more complex structures are observed.
Let us assume that the rotational angular velocity of the halo Ω h is less than the rotational angular velocity of the outer edge of the disk, Ω(R) = V (R)/R. If typical values of the linear velocity V (R) for galactic disks in the plateau region are V max ≃ 100 − 300 km/s at distances
, this implies for the angular velocity of the
Let us consider the complete system of gasdynamical equations in the form
where t is the time, ρ the gas density, P the pressure, u = [u, v, w] T the velocity vector,
unit tensor, and Ψ = Ψ 0 + Ψ g the gravitational potential, composed of an external component (halo + stellar disk) Ψ 0 (r, t) and the potential of the selfgravitating gas Ψ g (r, t). The total energy per unit volume of the gas is
where e is the specific internal energy. The equation of state of the gas is defined by e = P/(ρ(γ − 1)), where γ is the adiabatic index. The system of equations (4)- (7) must be supplemented with the Poisson equation ∆Ψ g = 4πG̺, to take into account the selfgravity.
We used total variation diminishing (TVD) version of the MUSCL scheme [35, 36] to numerically model the system of gas-dynamical equations (4)- (6). We approximated the equations using the finite-volume method, which ensures that conservation laws are obeyed at the discrete level [37] . This numerical scheme is related to Godunov schemes with secondorder accuracy in time and third-order in space. The modified HLLC method [38] was used to calculate the fluxes of physical quantities through cell boundaries; this provides a means to model shocks and contact and tangential discontinuities through the boundaries.
The construction of the scheme with second-order accuracy in time was carried out using a predictor-corrector scheme compatible with the condition that the total variation of the numerical solution not decrease (the TVD condition [36] ). A third-order approximation in space was used in regions of smooth flow, and was achieved using the MUSCL procedure for reconstructing simple quantities (the density, pressure, and velocity vector) at the boundaries of the computation cells. This simple and computationally efficient method makes it possible to obtain shocks spread over three cells. The corresponding parameter responsible for the artificial compression was used to improve the resolution of tangential and contact discontinuities in the interpolation.
The computations were carried out on cylindrical (r, ϕ, z) and Cartesian (x, y, z) grids with high resolution. The dimension of the numerical grids for the two-dimensional (2D) models reached 5000 × 5000 for the Cartesian grid and (N r × N ϕ ) = (2400 × 720) (for the polar grid. The grid parameters in the three-dimensional (3D) model were N r = 600, N ϕ = 360, N z = 200. A special numerical algorithm was constructed for the through calculation of the gas-vacuum interface, which preserved the positivity of the scheme [39] . In this case, the matter is situated within the computation domain. A comparative analysis demonstrated the extremely small influence of the boundary conditions on the evolution of the constructed models for the gaseous disks.
In order to estimate the influence of the numerical technique used on the disk dynamics, we also carried out hydrodynamical calculations using Smoothed Particle Hydrodynamics (the SPH method) [40, 41] . The SPH algorithm is related to fully Lagrangian algorithms, and so is free of the need to use the approximation of a spatial grid; this removes a considerable The numerical model assumes G = 1, and the galaxy mass within the limits of the radius r ≤ 1 is M gal = 4. The optical radius of the galaxy (the outer edge of the stellar disk) is R = 2 in dimensionless units. In this case, a typical value of the dimensionless rotational velocity of the disk is V max ≃ 2, and the rotational period of the periphery of the gaseous disk (r ∼ 2 − 3) is T ≃ 6 − 10. The gaseous disk extends beyond R.
We considered various initial radial profiles of the gas surface density σ:
The calculation domains in the various models are situated within R max = 5 − 15, where σ(R max )/σ(0) = 10 −5 − 10 −10 , which ensures an absence of influence from boundaries.
At the initial time t = 0, the axisymmetric equilibrium disk is in the axisymmetric potential Ψ(r, t = 0) with ε h = 0 (a x = a y ). Then, the value of the scale a x was increased linearly to ε h = 0.001 ÷ 0.2 over a time τ h for the various models. After the nonaxisymmetry was "switched on" at times t > τ h , the halo potential remained constant.
In the following section, we describe the main results of our modeling of the disks, focusing on the possible generation of various structures by the triaxial halo, considering the morphology and kinematics of these structures based on the results of over 80 numerical experiments.
GASEOUS DISK IN A NON-AXISYMMETRIC HALO
The main free parameters of the constructed model and their typical dimensionless values are:
(1) the degree of non-axisymmetry of the halo ε h = 0 ÷ 0.2 (q = a y /a x = 1 − ε h ). Let us note some typical features of the morphology and kinematics of the disk indicated by our numerical simulations:
1. In all cases, the presence of a non-axisymmetric halo leads to the formation of spiral structures in the gaseous disk (see the distribution of the logarithm of the surface density in Figs. 3a-3d) . Under typical conditions, perturbations grow to the strongly nonlinear stage over one to three disk revolutions, forming a system of shocks (Fig. 3e) .
The time when the quasi-stationary spiral structure forms increases with decreasing ε h . With decreasing ε h , the spirals become more tightly wound and have smaller amplitudes, other conditions being equal (Fig. 3e) . A massive, non-axisymmetric halo can generate nonlinear waves even when ε h < 0.01, but the rise time in this case exceeds eight rotation periods of the disk periphery. The formation of the spiral structure in the essentially nonlinear stage depends only weakly on the time when the non-axisymmetric part of the potential is switched on, τ h , which was varied from τ h = 0 (instantaneous) to an adiabatically slow ramping up during several rotations of the disk periphery (about 1-1.5 billion years for a typical S galaxy).
2. The analysis of the gas-flow structure indicates a complex character that includes a system of shocks and of regions of strong shear flows (Fig. 4) . The nonlinear (shock)
waves have large-scale structure, which encompasses the disk right to small densities ̺/̺ max ∼ 10 −3 . The shape of the spiral depends substantially on the model parameters, but it is a large-scale formation, formed by rotating through the angle of ∼ 2π, or, in some cases, by more than 4π. The amplitude of the spiral waves depends on the degree of non-axisymmetry of the halo ε h , but the formation of the shocks occurs for all of the parameter values considered. A zone of shear flow is formed in the region of the spiral density wave near the shock front (Fig. 4a) . The region of strong variation of the tangential velocity component is large compared to the shock front, whose width ℓ is determined by the properties of the numerical model (Fig. 4b) . The quantities σ and u exhibit a jump at the shock front (within ℓ), in contrast to v, whose region of variation is substantially larger than ℓ. The width of the shock front ℓ decreases with increasing resolution of the numerical scheme (increasing numbers of cells N r , N ϕ ), so that the shock front is described by three to four numerical cells; this was achieved by using a numerical scheme with second-order of accuracy in time and third-order accuracy in the spatial coordinates. The width of the shear flow region is finite and does not depend on the choice of parameters for the numerical grid.
3. The geometry of the spiral patterns depends on the gas-rotation curve V (r), the character of the density distribution in the dark halo ̺ h (r, ϕ), and the radial profiles of the disk surface density σ(r)and the sound speed c s (r). Leading spirals, which always become trailing spirals at the periphery and produce complex Θ structures (embedded Θ structures are possible) at the center, can be formed in the central part of the disk (Fig. 5) . In all the figures presented here, the gaseous disk rotates in the counterclock- 5. As in the case of decreasing ε h , decreasing the zone of the quasi-rigid-body rotation in the center of the gaseous disk promotes the formation of more tightly wound spirals.
Simultaneously, the conditions for the generation of Θ structures in the center become less favorable. Trailing spirals now arise in the center itself and encompass the entire disk (Fig. 5 ).
6. In cooler disks (with higher Mach numbers), more tightly wound and thinner spirals are formed in the nonlinear stage (Fig. 6 ).
7. The typical spiral pitch angles are i ≃ 5
• ÷ 20
• . More open patterns do not formin themodels considered. Figure 7 shows an example of an approximation of the obtained structure with sections of logarithmic spirals r = r a exp(χϕ) with pitch anglesi = π/2 − arccos(χ/ 1 + χ 2 ). For the case presented,i increases from 10 • in the central zone to 14
• at the periphery. This small increase in i with radius is typical for the models constructed.
8. Let us now consider the rotational angular velocity of the spiral pattern Ω p . Figure   8 shows the time dependences of Ω p for the two-armed spiral at various radii r. An initial stage in the pattern formation can be distinguished (t < ∼ 10; these processes proceed faster nearer the center than at the periphery), after which a quasi-periodic rotation regime for the non-linear perturbations develops. We emphasize that the spiral pattern rotates even in the case of a stationary halo Ω h = 0. However, the rotational angular velocity is then low, and the corresponding corotation radius is beyond the disk. Computations with a slowly rotating halo, Ω h < ∼ 0.2, show that the geometry and kinematics of the spiral patterns depend weakly on Ω h . A small increase of the angular velocity of the wave in the disk is observed with increasing Ω h 1 . Objects whose spiral structure rotates fairly slowly and whose corotation radius is at the periphery of, or even outside, the outer limits of the spiral structure (e.g., in NGC 3359 [42] ) are of interest for the spiralstructure formation mechanism discussed here.
9. There is qualitative agreement between the results of the 2D and 3D gas-dynamical computations (Figs. 9, 10 ). In the initial stages of formation of the spiral pattern (over several rotations), the formation of strongly nonlinear wave fronts propagating in the vertical direction at an angle to the plane of the gaseous disk is observed. The geometry of the trailing spiral pattern in the main part of the disk differs slightly in the 2D and 3D models (Figs. 9, 10 ). Discrepancies are observed only in the central region, where the formation of complex, small-scale structures is possible. In this case, the presence of a vertical dimension can substantially change the gas dynamics, since the sound speed in the center is known not to be small compared to the rotational velocity of the system, and vertical motions are of considerable importance [43] .
10. On the whole, taking self-gravity into account increases the efficiency of the formation of the spiral pattern by the non-axisymmetric halo. We have considered only gravitationally stable disks. A change of the wave geometry is observed, and the wave amplitude increases (Fig. 11 ).
In conclusion, let us summarize the main differences of the spiral-pattern modeling in a nonaxisymmetric halo and in the presence of a central bar:
(1) the bar is a rapidly rotating structure relative to the spiral pattern;
(2) the dimensions of the central stellar bar are small compared to those of the galactic disk, and the effect of the bar is dominant at the center and rapidly decreases with radius; the triaxial halo influences the entire disk, and influences the disk center only to a smaller degree;
(3) the degree of non-axisymmetry of the halo is substantially less than of that the bar, so that the geometry of the spiral waves differs considerably from the disk in the nonaxisymmetric halo, even inside the bar, where the gas, on average, rotates faster than the bar.
The results of our numerical modeling show that a triaxial (non-axisymmetric in the plane of the disk) halo can lead to the generation of a spiral pattern in the galactic disk, whose properties depend strongly on the parameters of the disk and halo.
The question of whether non-axisymmetric halos are responsible for the real spiral patterns observed in galaxies is, of course, far from being resolved. The real picture can be made considerably more complex by the formation of transient spirals, a central stellar bar, or global modes [44] due to the development of gravitational instability. In any case, the models considered here can be used to place some constraints on the shapes of dark halos in the plane of their galactic disks. If the properties of the observed spiral pattern in a galaxy are incompatible with our modeling results, then this indicates a high degree of axisymmetry for the dark halo in the plane of the disk. without and (2 ) with self-gravity.
